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SUMMARY 
It is proved that a FH(FR Ta) apace X is z-embedded in every FH(FR TI) 
space that X is embedded in iff X is FH-closed (the weak topology of X is almost 
compeot). 
1. INTRODUCTION 
z-embedding has been extensively studied primarily by Blair and Hager. 
See [4] for background for this paper. Their work has been primarily con- 
cerned with completely regular spaces and general spaces. We wish to extend 
the study of z-embedding to some of the other separation axioms studied by 
Van Est and Freudenthal [6] and in particular to functionally Hausdorff 
spaces and functionally regular spaces. 
2. NOTATION 
In general we will use the notation in [l], [2] and [8]; in particular we 
note that (X, #‘) is used as a symbol for the weak topology for (X, r) and 
all spaces will be T2. The symbols P=Z[Q], (P=C*[Q]), [P=C[Q]] will 
mean that a space satisfying property Q is z-embedded (C*-embedded) 
[C-embedded] in every space that it is embedded in satisfying property Q 
iff it satisfies property P. For instance Blair and Hager [4]* have shown that 
P=Z[Q] for Q Tychonoff iff is Lindelof or almost compact. We will show 
here that P=Z[Q] for Q FH and P FH-closed and for Q FR and P being 
the property that the weak topology is almost compact. 
3. Z-EMBEDDING 
A space X ia defined to be z-embedded in a space Y if for a zero set 2 C X 
there is a zero set H in Y such that H n X=2. In [4] it is proved that 
Lindelof and cozero sets are always x-embedded in Tychonoff spaces. For 
this paper the following theorem is useful. 
%EOREM A. (Blair and Hager [4]) These conditions on X are equivalent 
for Tychonoff spaces. 
(a)* If S C X, then 8 is z-embedded in X. 
*) (c)e (a) first proved by M. Jerison. (a)*(c) also proved by D. G. Johnson. 
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(b) S is z-embedded in each of its compactifications. 
(c) S is either Lindelijf or almost compact. 
(d) If 21 and 22 are disjoint zero-sets of S, either 21 is compact or 22 is 
Lindelof. 
(e) If Z is a zero-set of S, either Z is compact or S -2 is Lindelof. 
The following Lemmas will be useful for proving theorems in this paper, 
some of which are of independent interest. 
LEMMA A. The following condition is equivalent to the conditions in 
THEOREM A. 
(f) If S C X where X is a one point extension of S, then S is z-embedded 
in X. 
PROOF. Mrowka [8] has shown that a space in Lindelijf iff it is G&osed 
in all of its compactifications (i.e. if KS is the compactification KS-S is 
the union of Q’s of KS). Then if S is not Lindelof or almost compact then 
there exists a compactification in which S is not Ga-closed and in which 
either there are at least two additional points S is not C*-embedded, and 
hence not z-embedded by the argument in the last sentence of the proof. 
If there exist two points, identify y a point in KSNS and in the Gs- 
closure of S with another point z E KS43 and form the quotient topology 
on S u [y, z] from S u b/1 u [ ] z w ere f(s)=8 for s ES and f(y)=/(x). h 
Since b, x] is not a zero set of S u Cy, x] and S is not C-embedded in S u [y, z] 
S is not z-embedded in S u [y, z], since from [4] a z-embedded set is 
C-embedded iff it is completely separated from every disjoint zero set. 
LEMMA B. Let (X, r) be z-embedded in (Y, %). Then (X, W) = (X,Tx) 
and is z-embedded in (Y, 9’) where (Y, 9’) is the weak topology of (Y, @). 
Furthermore (X, r) is C*-embedded (C-embedded) in (Y, a!) iff (X, 9’) 
is (C-embedded) in (Y, V). 
PROOF. Let 2 be a zero set of (X, 9-). Then there exists a zero set H 
in (Y, @) such that Z= H n X. Then H is a zero set of (Y, V) and hence 
2 is a zero set of (X, V-x). So (X, V-x)=(X, W) and if 2 is a zero set of 
(X, W) then 2 is a zero set of (X, r) so that (X, W) is z-embedded in 
(X, 9’). We omit the proof of the last statement of the theorem. 
LEMMA C. If the complements of open subsets of a subbase of (X, y) 
are functionally separated from points not contained in them (X, r) is 
functionally regular. 
LEMMA D. A space is functionally regular iff for F closed z 6 F there 
exists a 2, set (a countable union of zero sets) containing F and not x. 
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4. ABSOLUTE%EMBEDDINGTHEOREMS 
THEOREM 1. For Q functionally Hausdorff P=Z[Q] where P= PH 
closed. 
PROOF. Assume (X, r) is functionally Hausdorff but not FH-closed. 
Then there is a Tychonoff topology (X, @) strictly weaker than (X, ?V) [3]. 
From [7, p. 1381 there is a space Y such that (X, @)=~YNY. Construct a 
new topology (2, 9’) on BY using as a subbase the open sets of BY and 
complements of closed sets as (X, 9). Clearly (2, 9’) is functionally 
Hausdorff and these last open sets are dense in BY. Hence BY is the semi- 
regularization of (2, 9’) [5, p. 1381 and hence the weak topology of (2, V). 
If (X, 3-) were z-embedded in (2, V) then (X, w)= (X, (pY)x)=(X, %) 
by Lemma B. The proof is completed by observing that every FH-closed 
subset is C-embedded and hence z-embedded is every functionally Haus- 
dorff space it is embedded in [6]. So P=Z[Q] =C*[Q] =C[Q] [2]. 
For functionally regular spaces a theorem of this type is more difficult 
to obtain since (2, 9’) is not in general functionally regular even when 
(X, f) is functionally regular. 
THEOREM 2. For Q functionally Ts P = Z[Q] where P is the property. 
of having (X, %‘) be almost compact. 
PROOF. If a functionally 5”s space (X, 9) is such that (X, %‘) is almost 
compact then (X, 9) is C-embedded [l] and hence z-embedded in every 
functionally regular space it is embedded in. Suppose (X, Y-) is z-embedded 
in every functionally regular space it is embedded in. We will first show 
that (X, %‘) is z-embedded in every Tychonoff space it is embedded in. 
By Lemma A it will be sufficient to show that (X, ?V) is z-embedded in 
every Tychonoff one point extension it is embedded in. Let (Y, 9”) be a 
one point Tychonoff extension of (X, %@). Construct a new topology 
(Y, $2) from a subbase consisting of the open sets of (Y, V) and those of 
(X, r). As the complements of open sets of (X, 9J are the intersection of 
2, sets of (X, ?V) (L emma D) all closed sets of the subbase of (Y, %) are 
the intersection of 2, sets of (X, %). Hence by Lemmas C and D (Y, &) 
is functionally regular. By Lemma B (X, ?VJ is z-embedded in (Y, V) and 
hence (X, ?V) is either Lindelijf or almost compact by Theorem A. Assuming 
that (X, “tlr) is Lindelijf and not compact we construct the topology (2. 9’) 
of the previous theorem in which (X, r) is not x-embedded. We use the 
Lindeliif property of (X, %‘) to show that (2, 9’) is functionally regular. 
Let F C X, F closed and x E 2, x $ F. By Lemma D there is a 2, set of 
(X, “tl’) containing F and not x. Hence there exists an (X, V) Lindelaf set 
containing F and not x. We then use the LindelGf property to obtain a 
cozero set containing F and not x. Applying Lemma C to the subbase we 
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obtain the functional regularity of (2, V). Thus I’=.??[&] where P is the 
property that the weak topology is almost compact. 
We note in [l] it was shown that P=C[&] =C*[Q]. 
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